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On the basis of the Heisenberg equation of motion and Linderberg-Seamans approximations
the analytical formulas for one-electron, two-centre resonance integrals have been derived. The
possibility of inclusion of Rydberg and/or inner orbitals to the basis set in the case of d-electron
element compounds has been taken into consideration. An application of the derived formulas to
the modification of semiempirical, NDO-type methods has been presented. The results of the test
INDOL/R version calculations for H,O molecule and MnO7 ion confirm the utility of the

method.

1. Introduction

Despite the great progress in computational tech-
niques in the last years, nonempirical calculations
for many larger molecular systems including d-elec-
tron elements are still time consuming.

For a better understanding and interpretation of
the photochemistry and excited states of these
systems, the Rydberg orbitals (RO) should be in-
cluded in the basis set. Of course this extension can
increase the basis set twice.

In the case of transition metal complexes the ab
initio calculations with such sets are extremenly
expensive. For these reasons there is a continued
interest in the use of Rydberg orbitals in the simple,
semiempirical treatments. Such calculations have
been carried out to describe mainly electronic
spectra and ground state properties of the s, p-elec-
tron element compounds in the CNDO approxima-
tion [1, 2, 3], Extended Hiickel Theory [4, 5],
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PPP method [6], and INDO scheme [7, 8, 9] (for a
brief review see [9]). As far as we know, these
methods have not been extended to the transition
metal complexes.

In this paper we consider a new proposal of the
INDO-type [14] approach to the d-electron element
compounds, which affords possibilities for the
inclusion an arbitrary number of the RO or/and
inner atomic orbitals to the valence orbital basis
set. In our opinion, such a method should enable
one to use only one group of parameters for a good
reproduction of the ground and excited state prop-
erties of the molecules under investigation. On the
other hand, the number of nonphysical parameters
introduced in this scheme should be reduced and
they ought to be substituted by approximate but
well founded relations.

Such an approach is possible in the case of the
one-electron, two-centre resonance integrals H;; (/).
An approximation and parametrisation of the
resonance integrals has been a crucial point in every
semiempirical method. One of the possible solutions
of this problem has been proposed by Linderberg
and Seamans [10]. They have derived theoretical
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relations for the resonance integrals between s, p-
orbitals using the Heisenberg equation of motion
and the second quantization formalism. Recently,
we extended Linderberg-Seams method to the
derivation of £ integrals for the d-electron elements
[11], and to the RO inclusion in the case of s, p-elec-
tron elements [9].

Application of these formulas to the approxima-
tion of the resonance integrals in the INDO-type
method gives fairly good results both in the all-
valence, as well as the all-valence augmented Ryd-
berg orbitals version [9, 11].

2. Assumptions

We consider resonance integrals between atoms,
of which at least one possesses d-type Slater atomic
orbitals in the valence or/and in extended basis set.
The method of the derivation f integrals has been
given by Linderberg and Seamans [10], and we
follow their assumptions:

(1) The relation between linear momentum p,
position r and Hamiltonian H operators is given by
the equation of motion

p=—i[r H] (1

(atomic units are used in the paper).
(11) The Hamiltonian of the electron is the sum of
one- (h) and two-electron (g) parts

H=h+yg. 2

(ii1)) The position operator commutes with the
two-electron part of H:

[r.g]1=0. (3

Under these assumptions, Eq. (1) can be rewritten
in matrix form as

—iV=p=—i(rh—hr). 4

(iv) The position operator is approximated by the
equation

;= (4a|r| vg) = 0ap [0;y Ra+ (Za [r— Ra[ VA)], (5)

where 4, v are atomic orbitals centered on A and
Bsites, respectively, and R, is the position of
atom A.

The second term on the right hand side is
referred to as the atomic transition moment integral
u4" is defined and calculated as previously [11].

Let us now consider a diatomic molecule A—B in
which the internuclear distance is equal R.

Both the atoms A and B possess an arbitrary
number of s, p, and d type atomic orbitals. The use
of the assumed approximations and elementary
symmetry considerations leads to the following
matrix relations between the gradient (V) param-
eters and resonance integrals (f):

Vss =_Rﬁss+”§\pl}as_ﬂsa”gs. (6)
1
Vs =“sp TN _ BSS ySP 4 sdo dp’ (7)
¥ B B* i Vgﬁ ﬂBz
Vso =_Rﬁsa+"/s\pﬁaa_ﬁss”sBp_Vg_ﬂsda”gp’
| ®)
A\ =”K5ﬁss_ﬁ”2dﬂd“_ﬁn"”gs» (9)
yrn =—Rﬂ""+ﬂApdﬂd""—'ﬂnd"[lgp, (10)
1
Vﬂa =”Rsﬂso’___ﬁ”;;\dﬂdaa_ﬁndn”gp’ (11)
2 d pd
Vos =—Rﬂas+”gsﬁss+—ﬁ”% ﬂ as_ﬂao”gs’
(12)
1
VSR g gl (13)
2
Voe =— Rﬂna+”§s ﬂsa_‘_%”p[xd Bdaa
T A L (14)
ﬁ 9
2
ysdo =_Rﬂ5da+l‘i‘pﬂdda_ﬁﬁwﬂgd’ (15)
Vsdn =”156‘1:31171‘:111_Bsa”l;;d~ (16)
1
Vnda :”gslfsda_%”%d Bdada+7§_ﬂnnygd’ (17)
Vﬂdn =_Rﬁndn+ﬂgdﬁdndn_ﬁnn”gd’ (18)
Vn& - ”id ﬂ&é_ ﬁnn”gd, (19)
2
Vad:r — Rﬁada+”/p\s ﬂsda_'_%”gd ﬂdada
2
——=B°" (20)
V3
Vadn =ﬂidﬁd"dn—ﬂ”aﬂgd, (21)
2
ydos =_Rﬁdas+W”?\pﬁas_ﬁdaaﬂgs’ (22)
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Vdan A dp pnn _ pdos 3 I . dodo dp’
V 3 A B =B uy A B my
(23)
2
Vdaa = Rﬁdaa+ Baa ﬁdas ”sp
_ _— pdodo dp’ 24
A B ny (24)
Vd(fdﬂ —R pdadr7+ ” ﬁado ﬁdo‘o ”%
3 3
Vdadn:__ L}\pﬁndn_ﬁdaa”pd (26)
Vdns == ”dApBas_ Bdnn”%s (27)
Vdnn =—R Bdnn+”§i\p Bnn_ l}dndn”%p’ (28)
dem =”ip Brm_ pdndn”%p‘ (29)
Vdndrr_”dp ﬂada+ V ﬁdmz (30)
Vdndn:_dendn_‘_”c/i\pﬁndn_ﬁdnn”pd (3])
Vdn& —— l}dnn”pd (32)
Vor =l - g ugp, (33)
Vr)'dn :”(/i\pﬂndn. (34)
Vo  =—Rp%. (35)

The matrices V, ug and g are defined in the same
way and. for example

Vi].j] ViL/'Z '”Vll./‘m

B i2;41 12502 i2, jm
— Y Y Y 36)

Vr'n.jl Vin.iZ Vin. jm

where m and n denote the number of *j” and “/”
atomic orbitals, respectively.

Due to the properties of V matrix elements [10]
the following relationship between the gradient
matrices can be found:

Vor Ve e, (37)
Vie = (RVSTY, (38)
v =R(REVY, (39)
A\ = ydnd = V(Sdn (40)
Vaule o REL(RE WY, (41)
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Y3 V4o = (R Vsdry, (42)
yrdn  — yodn (43)
ydar  _ ydzo (44)
ydodn _ ydndo (45)
ValE = (R VY, (46)

3Vede =3 R (R2Vny, (47)
ydzdr =2V55+V3 ydodn (48)

3 VdadazR—l(RZ Vd"d")’+2V‘”, (49)

13 wrle g YR = RV, (50)

where primes and double primes denote first and
second derivatives: (X)'=dX/dR, (X)” = d?X/dR?,
respectively.

3. Formulas for f-Resonance Integrals

Here we present explicit formulas for resonance
integrals in an A—B molecule, taking into consider-
ation several cases depending on the basis set
assumed for atoms A and B.

Let us consider now the general case when an
atom, say A, possesses 1, atomic s’ orbitals, niy
“p” type orbitals and /5 ““d” type ones. When
Xa=ya, we denote this case as symmetric (S), u}’
is then a square, otherwise as an unsymmetric case
(U). Extending the procedure previously reported
[9. 10, 12] and assuming that n, =m, and ng= mp
i.e. i and uR’ are square matrices, the following
formulas for f integrals can be found:

(i) Casel: A(S)—B(S) ie. uR® and ugP form
square matrices:
p¥® =R (8%, (51)
BT == W) (5%, (52)
BOT™ = (S (up) ™. (53)
pdndnz(sa())n. (54)
B == (i) SO, (55)
pio == (RSWY (uip) . (56)

1 <

B =—%(ui")“(k(s<’")’)’. (57)
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piodo 2#[2(3‘56)' + R(S%)" + R2(S%)"], (58)

B == (uiP) T (R SP) (uf") ™", (59)
B =) 3R () SV
RS (4S9 + RSPV (), (60)
B =) (3R SO (g
(S + RSP P (). (61)
B %lm (3™ = 4pR’1(S?Y
~ RURIA(SS) + R(SP)™), (62)
pior = VIB — 359 R g — 43P
R[4(S%)" + R(S%)"] P} ()", (63)
BS = RTUSHY + B — B up. (64)

(ii) Casell: A(U)—B(S) i.e. pR¢ and uBd are
rectangular and square matrices, respectively.
Hence, the pR® matrix may not be inverted, and
therefore the B%°, B9 and 4797 integrals can be
calculated as in case (i) from (51), (53) and (54),
respectively, but the remaining integrals should be
calculated from another formula:

(8% —

P =y $™47) (g™, (65)

ndn _L{ d 66//_L 80y
A (879 R(S)

+%S"d"+(S"d")’}, (66)
[R? - (139)? ](S“)"+

(R (8%

ﬁdmzlfkl

1
_ ”dAp [ESndn_F (Sndn)/

} w3, (67)

Boe = [u3¢ (S%%)" + (S™47Y] (up%) ™, (68)
1
B == g M G+ RS

1 fs
_.E.(”pAdf (SOO)/ E R(Sndn)r + sndn} (”%d)—Z

2
——=[R(S?)7 (),

13

(69)
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1|6
dodo _ —_ _[ypd podo _ pdoo ,,pd
B IR { V3 [”A B B Uy ]
+ RS9 + SR (8% + 6(555)’} . (70

ﬂnn_‘_”%d ﬁdnn+_1”%d pda’a)’

sa = (gPSY—1 R
B (1Y) ( A

(71)
ﬁns =_(RB7U: ﬂndn dp_Lﬁoda dp)(”sp—

" (72)

sde  _— =1 (— R ndn 73
B V? uy) B (73)
e ”%d (ﬁdndn+ﬁdoda_ zﬁéé)} ,

1

dos =——{R dnn 74
B 7 B (74)
+ (ﬂdndn+ﬂdodo 2ﬁ 66) ”dpl (” ) l

B =—[(S“> + P 7 — B up). (75)
(iii) Case III: A(U) — B(U) i.e. both pR® and pP

are rectangular matrices, and the inverted matrices
()" may not exist. Thus the B°° and péri~
integrals can be calculated as in the cases (i)
and (ii).

For the remaining integrals the following for-
mulas can be derived:

ndn  _ d l_ 80y ’ 1_ ndn ’
BE =g R(S) + R(S )| (76)
1 o 1 i
ﬂd"" =_[E(SM)I] ”%p+ E(Sdm)] ) (77)
nn I 9 upd ! 80y’ ' dp
B 2_}' 2R R E(s )| ME
1
_E(Sndn)}
—u&d[l;wd“) +<s"")'}, (78)
pdada 3IR {R (SO‘))“'+ R(séo)//+6(s66)'
1 i 1 g
49 ”E\d [”%d (E (Séé)/ 4 (; Sndn) ]
’ 1 ’
Ao
(79)
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1 «
odo _ _ 3 ndn+ pd 2 00 _ pdndn
B I { B R (W (2B°° =B
] 1
_3ﬂdod5)+2Bnn”%d]} +E(Sada),’ (80)
1
doo _— _ ~ 43 dnn+ 2 6(5+ dndn (8])
B ‘[3{ B [( B+ B
+ 3ﬁdada) ”dp_ 2" pnn]} +_(Sdaa)
1 |1 .
ﬁrm :F{E”E\d [4B60_2ﬁdndn_6ﬂdada]”%p

= 4”[;\d ﬁdnn+ 4ﬁndn”%p
2
+ o (R 77+ BT ()’

13

+ B3 (89°7) + (8°%°) wiP1+ ($77)

(82)

R
1
g =%(l!‘,’f)"' {—Rfim* (83)
+”%d (,}dndn+ﬂdad0_2ﬂéé)},
1
ﬂdas e _RBdnn
)3 (84)
_(ﬁdndn+ﬁdudﬂ l}&é)”dpl p)—l‘
1
ﬂﬂs ____ﬁ'”pd Igéé_ﬂdndn_:;ﬂdada) ”%p
— 3R(”pd ﬁdnn_Bndn”dp) 4 zﬂnn(”%d)2

~ V387 P = (S (D (89)

I}sn =__(” ) I(”pd(zﬁéé ﬂndn+3ﬁdada)”%p
_ 3R([l§\d ﬁdnn__ ﬁndn”Bp) _ 2(”5\(’)2 ﬂnn
+ V3 B (S47y — (5™}, (86)
1

BSS ___I(SSS) +"Sp as ﬂSG "sz} X (87)

(iv) CaseIV: uR¢ =0, B(S) i.e. atom A possesses
only an s, p orbital basis set and p$P is a square
matrix.

In this case, expressions for gradient elements
reduce considerably due to the relation R = 0. The
S integrals can be found from the relations
Z_J?SHdn(”%d)—l

B (88)
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l ’

ndn _— | _ Qndn
B (R S ) . (89)
B = (W) SR (ug) (%)
BT = (57 (ugh)”! o1

R 1 ¥

sdo  _— ps)— ndn 92
B 1/3 (1Y) (R S ) ’ (92)

odo _ R2(S7dmy” ndnys 4 grdr . 93
b V3R [RE(S77)” = R(8™7) + 8§7], (93)
ﬂas =Sndn(”%d)—l(”i3p)—l

? (S”d”)”+2(% Sndn)’] ”%P(”SBP)—I‘
%94)
(95)

B =[S B B u)

(v) Case V: pR9 =0, B(U). Hence the p4" and
B*47 integrals can be calculated as in caseIV, i.e.
from (89) and (92), respectively, but the remaining
resonance integrals should be expressed by the
following formulas:

nn __1_ nn/_l_ ndn’
B —R[(S) (RS )] (96)

1
oda — o ndmy/ Srdn Sada
B V3R[2<S )+R( ) —V3( )}
97)
ﬂan 5 {4 (Sndn)r_%(Sndn)/_l/:;(sada)/} ”%p
L sy (98)
R 5
1 ’
o =) [(; S’”’”) agr- (S“)'], 99)
s ___1_ ndny, 1 ndn i
B = 3R{7(S )+R( s )
—1/3(5“")"313(5"”)]04 P)~', (100)
B = (ST BT - B g (101)
sdo  _ sy—1 I ndn),.
B V3 %) (Rs (102)

In all the considered cases we ought to include also
subcases when the assumption that the g%’ and u}’
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matrices are square is not fulfilled, and the inverted
matrices (ug)~' may not exist. When the p5P matrix
is rectangular we have to replace (60), (71), (86),
(90) and (99) by the relation

SO — 2

3
= V3 R2 [”s: (Bada_ 1[3 ﬂ"d")

2 1
e (SSd‘T)’ _ _Essdrf] ”%p+E”i\P(B00_Bnn)

1

=

! Sa\/ _
+E(S ) (103)

and (62), (73), (83) and (92) by

R

1 2
ﬁsdaz_[”;p (dea_%ﬂndn

(104)
In the subcase when the u}® matrix is rectangular,
(61), (72), (85), (94) and (100) should be replaced by

o8 — 3 drm_i dnn) s
B VMZ[(B 5

2
_Sd05/+_sd05
(S0 + = ]

(105)

1 1 1
— — (B7° — BTT) yPs 4+ S8y — Sos
= (87— B T+ — (5 ——

and (63), (74) and (84) by

1 2
Bdasz_ R_ [(Bdm_ V§ l’dnn) ”%s
— (8§9o5y + —; sdﬂ] . (106)

respectively.

4. Discussion and Test Calculations

The usefulness of the Linderberg-Seamans’ type
formulas to semiempirical calculations has been
proved in our previous papers [9, 12, 13].

Zerner and Parr have used successfully the molec-
ular orbital theory, the Heisenberg equation of
motion and the virial theorem to derive their
expressions for force constants [15].

The formulas derived here can be considered as a
generalization of those derived previously, for the

2
3 Ssda i Ssdn .
($°97) R

- Derivation of Theoretical Formulas from Heisenberg Equation of Motion 165

case when may=na=1[,=1 [11] or [,=0 [9]. To
avoid the troublesome calculations of second and
third derivatives of overlap integrals one can use
relations for reducing them to the first one [11].

The formulas for resonance integrals presented
here can be used as a basis for the elaboration of
the NDO-like method which takes into account not
only the valence shell, but also Rydberg and/or
inner ones. As an illustration we carried out initial
calculations of the INDO type, even though the
theory is more general, including even the NDDO
scheme. The modified INDO CI method [13]
was used in the valence electron approximation
(INDOL/V) as well as with basis set orbitals
augmented by the RO (INDOL/R) version.

To study the influence of higher Rydberg orbitals
on the vertical transition energies we chose the
water molecule, very well known theoretically as
well as experimentally. Singly excited configurations
(in all considered cases 60 lowest excitations) were
taken into account. In our previous paper [9] we
used a s, 2s, 2p basis set for the hydrogen and a
2s, 2p, 3s, 3p one for the oxygen atom. In the
present study this oxygen basis set was augmented
by 3d, 4s, 4p and 4d orbitals. The Slater orbital
exponents were used for oxygen orbitals, and
E1s=1.2, &= &5, =0.6 for hydrogen ones. The all
one-centre integrals involving RO were calculated
analytically using the above exponents.

The vertical transition energies do not change by
more than 0.1 eV in relation to those reported in
the previous article [9]. However, there appear the
new transitions to the 3d and 4s Rydberg oxygen
orbitals (Table 1).

It should be noted that there exists quite good
agreement between our calculations and ab initio
results [16].

Table 1. The calculated vertical transition energies (in eV)
connected with excitations on higher RO for water
molecule.

State Main con- INDOL/R Ab initio
figuration [16]

'A, 1b, —» 3d b, 10.37 10.87

'B, 1b, — 4s a; 10.30 10.64

'B, 1b, — 3d a 10.52 11.07

A, 1b, = 3d b, 10.59 11.17
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Table 2. The calculated occupied orbital energies (in a.u.)
for MnOyj ion.

Orbital INDOL/V INDOL/R
la —1.306 —1.342
1ty - 1.152 —1.168
2t —0.410 —0.434
le —0.354 - 0.364
3ty -0.328 —0.344
2a —0.323 —0.341
1t, —0.224 —0.240

Table 3. The calculated valence and Rydberg orbital
populations P; (in e) and the metal charge Q for the
permanganate 1on.

Populations  INDOL/V INDOL/R

Valence Rydberg
P 0.474 0.469 0.055
Py 1.375 1.390 0.033
Py 4.640 4.610 0.024
Owmn 0.511 0.530 -0.112

Table 4. Experimental and calculated vertical transition
enegies (in eV) for MnOj ion.

State INDOL/V INDOL/R Exp.
19, 20]
% 1.75 1.64 1.80
T 247 2.39 2.30
T: 3.65 3.70 (I] =% SR) 3.50
T, 473 481 (t, > pp) 4.10

As a second example, the permanganate ion — a
“guinea pig” for quantum chemical calculations on
d-electron element compounds — was choosen. The
Slater orbital exponents for oxygen 2s, 2p, 3s, 3p
orbitals and the Gouterman-Zerner basis set [17] for
3d, 4s and 4p manganese valence orbitals were
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used with 4 = &so= &5, =0.3 for RO. The experi-
mental geometry (Ryn_o=1.63A) was assumed
[18] for the tetrahedral ion in T4 symmetry group.
We compare our valence electron approximation
(INDOL/V with INDOL/R) results. The same set
of parameters for the valence matrix elements was
used in both methods.

Tables 2 and 3 show the calculated energy of the
occupied molecular orbitals and populations of
manganese valence and Rydberg orbitals. It is
evident that no essential differences in the calculat-
ed ground state properties have been found for the
INDOL/V and INDOL/R results. The main differ-
ence between these two versions of modified INDO
methods lays in the interpretation of the electronic
spectrum. However, the energy values of the
calculated excitations for both versions are in very
good agreement with the experimental results, but a
closer inspection of the INDOL/R values shows that
begining from the second 7, symmetry excitation
the final states in these transitions have at least
90 percent of Rydberg character. The results of our
calculations show that inclusion of RO should dis-
tinctly change the interpretation of higher-energy
electronic spectra, especially for transition element
compounds.

The only disadvantage of the proposed method is
a 4 to 6 times longer calculation time if compared to
the INDOL/V version. However, the calculation
time is still relatively short.
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